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\\\Z)’"ReTiabiTity paoers, technical reports, and textbooks almost univer-
sally document the derivation of availability equations for two unit full-
on parallel redundant systems with the assumption of "multiple repair”
crews or facilities. Multiple repair is the case where there are as many
repair crews available as there are possible units to fail. Some reli-

ability literature also derive the availahility equations for two-unit

standby redundant systems with the multiple repair assumption. Literature .

is scarce, however, for two unit full-on and standby parallel systems with

single repair capability (i.e. onlv one repair crew is available and henca,

failed units can only be repaired one at a time); it is virtually non-

existent with respect to models of systems made uo of more than two

redundant units.

This paper documents the derivation of availability models for two
unit and thrge unit full-on aﬁd standby parallel systems with sinq]é repair
capabilities. Also included are de;ivations for three unit full-on and
standby systems with single and multiple repair capabi1itv.Q§£n all cases,
each unit will be assumed to have a failure rate = \ and a rqﬁair rate =
Case 1: The system consists of two units both fully operational whenever
possible and Has single repair capability. The system is capable of
performing its mission when only one unit is operational. There are three

possib1e states for the system to he in at anv gqiven time:



State 2 - both units operating
1 - one of the units has failed, other unit operating

0 - both units have failed.

Using a Markovian approach and letting Pz(t\, P](t), and Po(t\ represent

the probability of being in states 2, 1, and 0 respectively at time t

yields:
Pz(t+At) = Pz(t) r1-2:\at) + P](t\.uAt
P1(t+At) = Pz(t\ (2:\At) + P1(t) (1-(\+plat) + Polt)pAt
Po(t+At) = P1(t)-(\At\ + Po(t\ (1-pAt)

Expanding and rearranging terms using the definition of a derivative:

[ ]

P,y(t) = -Zsz(t) + Py

®

Pyt = 2\P, () = (\+p) P](t) + uPO(t)
®

Po(t\ = \P](t\ -u Po(t)

Taking Laplace transforms and realizing that:

PZ(O) = ], P](O) =0 = PO(O) Assume all units operative at t=0



(S+21) PoIS) = Py(S) = 1

2\ PZIS)

{ S+A+p) P](S\ + PO(S\ =0

A Pq(SY # (S+u)} PIS) =0
Solving these simultaneous equations for P results in:

212
P (S) =

SIS2 + Stanezu) + (222 + 2y + pPn

The denominator must first be factored and then partial fraction expansion
accomplished to put the equation in a form to find the inverse Laplace

transform,

This yields:

232 where S,, S, ='%[;(3\+2u) * e ]

PolSY = SS=5;)($-5,) and are the roots of S2+S(3\+2p) +(21 0+ 2 +?)
= 2 1 - 1 + 1
51,5 S1(S,-5)(S-S1 5,(S,-51)(5-5,)



S1t S?t

2x?[1- e + e j]
S]Sz S](Sz‘SJ) SZ{SZ'S])

2 St S
21 [(sz-sl) - 5,271+ 5pe" }

5152(52'51)

So availability then is:

i 2 Sit 4 s oSt
A= 1P (D) 5,5,(5,-5;) - 21 [52-51-52e 1t o+ 56 ]

o

$15,(5,757)

) 2 2 S.t St
= 55,2 + N [szu -S]e9}
515, $15,/5,-5y"
e AT s 2 [§2e51t - 5pe2t }
12+ 2\t $.S.15.-5.)
- - AHTH 197 72777



Case 2: The system consists of two units with one unit onerating and one in

a standby state and has single repair capability. When a failure occurs,

perfect switching is assumed to connect the standbv unit and system

operation is not affected. The standby unit is assumed to have a failure

rate equal to 0, the operating unit is assumed to have a fajlure rate equal

to \. A unit under repair is assumed to have a repair rate = u. The three

possible states are the same as in Case 1.

Equations of state:

Pz(t+At) = Pz(t) (1-24t) + P](t)uAt
P](t+At) = Pz(t) AAt + P](t) {1-(1+plat) + Po(t)uAt
Po(t+At) = P](t)\At + Po(t) ( 1-pAt)

[ ]

Pz(t\ = -\Pz(t\ + uP](t)

) . *

Pyt = \Pz(t) - (X+u)P](t\ + uPo(t)

L}

Po(t) = \P1(t) -n Po(t)

I I T T A T N S T e T T S o



Takinq Laplace transforms:
{ S+1) PZ(S\ - u P1(S) =
A PZ(S) - [ S+x+p) Pl(S) +pu POIS\ =0

=X P4(S) + (S+p) PO(S\ =0

Solution for POIS\ after solving the above equation set simultaneously:

Az where 51, 52 = -(A+u) f\/)u
Po(S) = S(S-5,)(S-S,) These are the roots of S2+SI2x+2p)+(A +Au+y’)

Having the denominator factored enables partial fraction expansion and

hence finding the inverse transform,

The Inverse transform of the above results in:

p-

Set S.t
SZ-S.I - Sze 1 + S]e ?




Availability:

A(t) = 1-P () whid o+ A2 [?2e51t . s1eszt]

—————————

2

VCoun? $15,(5,-5¢)

For three unit systems, there are 4 possible states:

3 - all unfts operable

2 - -2 units operable, 1 unit failed
1 - 1 unit operable, 2 units failed
o - all units failed

Case 3: Three different three unit systems will be investigated.

Three unit full-on para11e1 operation with single repair.

State Equations:

P3(t+At) = P3(t)(1-3XAt) + szt\uAt

Potrat) = Pa(t) 3NAt + Py(t)(1-(21+p)At) + Po(t)uat
P (t+at) = Polt) 214t + Pole)(1-(\+udat) + P (thuat
Po(t+At\ = P ) \at + Po(t\(1-uAt\



Pylt) = 30 Pa(t) + p Py(t)

. _

Pz(t\ = N P3(t) - (22+p) P2ft) +p Py(t)
@

Py(t) = 20 Py(t) - (M+u) Polt) + p Po(t)
[ ]

Polt) = A Py(t) - u Py(t)

Taking Laplace Transforms:
(S+31) P3(S) - PZ(S) = ]
3 P3(S) - (S+2)+p) PZ(S) + P1(S\ =0

2\ P,(S) - (S+\#p) P](S\ + 1 PO(S\ =0

2

VP(S) - (S+u) P (S) =0

Simultaneous Solution of the above for PO(51 results in:

3

PO(S) = -6 where 51, 32, S3 are roots of
S(S-S1)(S-SZ)(S-S3)
$3+52161430) + SO Zemps3u®) + 1613530 240346000



To find values for ST’ S5, and 34 note the cuhic equation is of the form:

53 + p52 +qS+r =0

Where: p = 6 + 3u
g = IN%+ oy + 3l
r = 6X3 + 6\2p + 3Xu2 + u3

Substitutihq (x - p/3) for S reduces the equation to:

x3 +ax +b =0

‘1/3 (3q-p2)

Where: |

1727 (20° - 9pq + 27r)

(&8
u

)

. 2 ' s ‘
Since b™+ a~ < O there are 3 distinct real roots.
4

~

Determine the value of the 9 in the expression cos 6 = -b 2 2,/:§7

The roots X1s Xy X3 will have the values: Xy = 2 /-_3_ cos%



x3=2 -3 ¢os [_Q+_4_KJ
L3

3

S], 52, 53 are then calculated from:

- D

S] = X] 'T

| - _D
5, X2 =3

- _Dp

S = x3-°7

The inverse transform for Po ig:

P It) = 623 x

St
1

2 73

173

SQt

S3t

V(S,-S,)

S,054=S 2 V(5,-54

§15555(5,-541(54=5

10

1




Availability:

At) = 1 - P (1)

= g3+3\p2+6X2p +
w3326\ 26103
3 S]t S?t 53t
S]SZS3f51-S3)(51-52\(52-53\

Case 4: Three unit full-on parallel operation with multiole reoair,

State equations:

= 1= )
P3{t+At\ P3(t\ 1 3\At\+P2(t pHAt
Pz(t+At) = p3(t\ 3\At + Pzrt)(1-(?\+u\ﬁt\ + P1(t\ZUAt
P1(t+At) = Pz(t\ 2 At + P1(t\11—(\+2u\At\ + Poft\3uAt

11



P (t+at) = P (t) At + Po(t\(1-3uAt\

° _ ()

Pz(t‘ = 3\rP3(t) - (22+p) Pz(t) +2p Py
[ ] .
Pilt) = 20 Pp(t) - f\+2u) Pylt) + 3 Pt
[

Po(t) = A P1(t) - 3u Po(t\

Taking Laplace Transforms:
(S+31) P3(S) - PZ(S\ = 7.
3\ P3(S) - (S+2\+p) PZ(S) + 2u P](s\ =0
23 P,(S) - (S+\¥2p) PLIS) + 3u Pors\ =0

A P1(S) - (S+3u) PO(S) =0

12



Simultaneous Solution of the ahove for PO(S):

613

S(S-S1)(S-52)(S-S3\

2

Where S], AP 53 are roots of 3+ S (6x+5u\+5(11(\+u\2)+6(\+u\3

S} = ‘( \ + ,.1)
53 = '3( X +IJ-\)

The Inverse transform is the same as for Case 3 except for the values of

S5 Sy, and Si- Availability then is:

Alt) = 1 - Po(t)

= u3+3\u2+3X2u +

{(\+p) 3

3 S1t 52t S3t
6 5253(52-53)e - 5153(51-53)e + 5152(51-32)e ]

$15555(57-59)15,-5,1(5,-5,)

13



Derivations for the standby parallel system sinale or multiple reoair are

found in the same manner as above.

The results are:

Case 5: 3 unit standby with single repair:

At)

= p,3+\p,2+xzp, +

u3+ku2+lzu+\3

5.t 52t S3t

3
\ 5253(52-53)8 1 3

=S V(S-S

$15553(81-5,1(8,-531(5,-54)

Where Sy, S,, Sy are roots of So+S2(In+3u)+S( N rau+3ud) +0 3 e Ze)

S-I = -(x + )

(V) w2\

14



Case 6: Three unit standby with multiple repair:

Alt)

.= 6p3+6\u2+3X2u

6u3+6lu2+3k2u+\3

S1t S?t S3t

3
A7 [ S,S5,(S -53\e ?

273 72

515253(51-52\(51-53\(52-53)

2ug e 1T ) 00340 gl

Where 51,52,53 are roots of 53+SZ(3X+6u\+Sf3x

To find values for S]. 52,'and 53 note the cubic eguation is of the form:

53 +.052 +gS+r=0

Where: o} = 3N+ Ap
g = 3%+ oy + 118
r = X3 + 3X2u + 6\u2 + 6u3

15



Substituting (x - p/3) for S reduces the equation to:

x3 +ax +b =20

Where: a = 1/3 (3q-p2\
b = 1/27 (2p3 - 9pq + 27v)
Since‘g?+_g5 < 0 there are 3 distinct real roots.
a4 27

3
Determine the value of the 8 in the exoression cos 8 = -b 3 2 :%7

The roots X1s Xoy X3 will have the values: X1 = 2\/;% cos%%

x2=2 /-3 cos{8 + 2=
3 3 3
X, = 2 fa cos [§_+ 4r
3 3 3 3 }
S], 52’ 53 are then calculated from:

16



Dobumentation for the derivation of all the availability equations for
redundant systems listed in Section 10 of MIL-HDBK-338, Electronic Reli-
ability Design Handbook, could not be found. The above derivations were
accomplished to correct this deficiency and to check the accuracy of those

equations.
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